Caregiver Support | Aigebral Unit 2

Linear
Equations and
Inequalities

In this unit, you will use what you know about
solving one-variable equations and inequalities
to make sense of multi-variable equations and
two-variable inequalities.

Essential Questions

«  What does it mean to be a solution to an
equation or inequality?

How are the different representations of
equations or inequalities connected?

How do you determine and graph the solution
of an inequality?

© Amplify Education, Inc and its licensors. Amplify Desmos Math
is based on curricula from lllustrative Mathematics (IM).




Summary | Lessonl

Solving an equation means taking steps to determine a solution. A solution to an equation
is a value that makes the equation true. There are many ways to solve an equation, including
working backwards, inverse operations, and moves that keep the equation balanced.

Here are two strategies for solving the equation -4(z + 2) = 20:
' 4z +2) 20
-4 -4
x+2=-5
-2 -2
x=-1

You can check that the value you determined is a solution to an equation by substituting
the value back into the equation to see if it makes the equation true. The solution to the
equation -4(x + 2) = 20 is = = -7 because -4(-7 + 2) = 20 is a true statement.

] -
Try This

Here is an equation: -30 = 5(z — 2).

a Solve the equation. Use the table if it helps with your thinking.

b  Check your solution.
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You can solve one-variable equations by creating equivalent equations. To create
equivalent equations, use moves that keep the equation balanced, such as combining
like terms or using inverse operations to move a variable from one side of the equation
to the other.

Here is an example of a set of solving moves that keep an equation balanced:

-3m + 5+ m=2(6m + 3) This is the original equation.
2m+5=12m+6 Combine like terms on the left and
distribute on the right.
5=14m+6 Add 2m to each side of the equation.
-1=14m Subtract 6 from each side of the equation.
-i: m Divide each side of the equation by 14.

All of the equations created at each step of this solution process are equivalent equations

] 1
because they have the same solution: m = -

-
Try This

Emma made an error while solving the equation :
mma

1
—~(x +4) =-10 4+ 3=z.
2( ) %(x+‘1) = -10 + 3x

a Describe one thing that Emma did well.
x+4=-20+3x
X+ 24 = 3x

24 = 2x

b Circle the error and explain what the error was. 12 =x

¢ Solvey(x+4)=-10 +3z.
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Not all one-variable linear equations have a single solution. Some linear equations
have infinitely many solutions, and some have no solution.

In the process of solving, there is a difference between equations with one solution, no
solution, or infinitely many solutions:

+ Inan equation with one solution, a single value of = will make the equation true.

» In an equation with no solution, no value of x will make the equation true.

* Inanequation with infinitely many solutions, any value of x will make the equation true.

Here are examples of equations with one solution, no solution, and infinitely
many solutions.

One Solution No Solution Infinitely Many Solutions

3z+4=22x+10 20 +4 =22+ 10 2(x+5)=2x+10
3r=2x+6 4=10 2x 4+ 10 =22+ 10
x=6 This is never truel! 10 =10

This is always true!

If the variable in an equation is eliminated during the solving process, the equation has
either no solution or infinitely many solutions. If the statement remaining is false, the
equation has no solution. If the statement remaining is true, the equation has infinitely
many solutions.

1 -
Try This

Group the equations based on their number of solutions.

At +7=2(2t +2) 3z=10— 3z 10 — 2(¢ + 5) = -2t
4t = 6t 5t +7=-3+ 5t

One Solution No Solution Infinitely Many Solutions
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Two-variable linear equations can be written in different forms. Sometimes the different
forms of an equation can reveal information that is useful for solving problems. Depending
on what information you are looking for, you might choose to use one form or the other.

Here is an example of two equivalent equations that represent the number of seats

and handholds possible in a subway car that has 300 square feet of floor space. They
are each written in different forms, and they each reveal different information about the
situation. In each equation, ¢ is the seating capacity and d is the standing capacity.

4t + 2d = 300

» Each seat takes up 4 square feet of floor space.

» Each standing spot requires 2 square feet of
floor space.

* The total amount of floor space is 300 square feet.

d =150 — 2t
* When there are no seats (¢t = 0), 150 passengers
can stand in the car.

» Forevery seat that is added, the number of
spots for standing decreases by 2.

Try This

Tiara is trying to save $240 for a new gaming console. To earn the money she needs, she
works at the pool for $8 an hour and tutors Spanish for $12 an hour.

Tiara wrote the equation 8p + 12t = 240 to represent her situation.

a What do the variables p and t represent in Tiara's situation?

b Which equation is equivalent to Tiara's equation?

A t=240—8p B. t=20—§p C. t=30—%p D. t=-§p+3o



Summary | Lesson5

You can solve equations that contain multiple variables using some of the same strategies
for solving equations with one variable. These strategies include working backwards,
using inverse operations, and keeping the equation balanced.

When solving problems that model real-world situations, it can be helpful to rearrange
an equation to highlight a variable of interest or make calculations easier. Rearranging

equations can also reveal different relationships between the variables and the quantities
that they represent.

Here is how you could rearrange the equation y = ma + b to solve for m or b.

Solving for m Solving for b
y=mz+b
y—b=mx+b—0> y=mz+b
y—>b mx y—mx=mx+b—mzx
yfb_ Z y—mz=>b

X

Rearranging equations for a specific variable can help make some calculations easier. For
example, if you know the values of r» and s for 6r + 4s = 240, solving the equation for s can
make it simpler to test different values of r» and s to see how they affect the value of s.

1 -
Try This

Solve each equation on the left. Then use the same strategy to solve the equation on
the right.

a Solve fort.

10 =4 — 3¢ 10 =v — at

b Solve for m.

+7=-4

2|3

+t=h

w|3
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Equations, tables, and graphs are all different ways to model a situation. The graph
of a linear equation represents all the pairs of values that are solutions to the equation
(make the equation true).

Linear equations can be written in different but equivalent forms. Rearranging equations
helps reveal new information, such as the z-intercept and y-intercept, which we can see
in a graph, table, or description of a situation.

Let's say a lemonade stand sold lemonade for $3 per cup and cookies for $2 each. The
stand made $12. £ represents the number of cups of lemonade sold and ¢ represents the
number of cookies sold. This situation can be represented in many different ways:

Equation Graph
30+2c=12 e

2

Equation Solved for ¢ r
]

c=6-— §€ o4

2 ° 3 *

Table 3 5
, , S

> 1

6 3 0 0 1 2 3 4 5 6

Cups of Lemonade, ¢

1 -
Try This

Here is an equation: 6x + 2y = 24.

a Solve the equation for y.

b Graphthe equation. YA
12

Use the table if it helps with your thinking.

10

0 2 4 6 8 10 12 T
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There are many ways to represent a situation that involves two variables. Each of these
representations is connected and reveals information about how the quantities in the
situation are related.

A description explains how the quantities are related verbally or in writing.
For example: A snail needs to cross a gap that is 40 mm tall using 5 mm and 2 mm blocks.

A graph reveals the slope and y-intercept. A table reveals several combinations of

This graph shows a slope of g and a 5 mm and 2 mm blocks that let the snail
y-intercept of 20. . cross the gap.

320 $ s 0 2 4 6

o y =20 — ?wf :

216 | 5 . . . .

E . 20 15 10 5

S e :

7 ° s - The ordered pairs can be used to make a

§ 4 - graph or find the rate of change (slope).

. > :

0 4 8 12 16 20
Number of 5 mm Blocks

Equations reveal how the variables are related. Standard form mirrors the language of
the situation. Slope-intercept form shows how the number of 2-mm blocks change as
you change the number of 5-mm blocks.

Standard form Slope-intercept form (solved for one variable)
5x + 2y =40 y=20—gaj

] -
Try This

Neel won 20 tickets at the fair to trade in for prizes. He can get a sticker for 2 tickets and a
pencil for 3 tickets. Let s represent the number of stickers Neel gets and p represent the
number of pencils.

a Write an equation to represent how many of each kind of prize Neel can get.

b Solve your equation for s.

¢ What can you determine about the situation by solving the equation for s?
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We can use inequalities to model situations with constraints. A constraint is a
limitation on what values are possible in a model or situation.

Here is an example of a situation, the constraint, and the inequality that models them.

Situation Constraint Inequality

Tasia is ordering pizza for 12p + 8 < 140

a party. Each plain pizza .
s 2 ane e s 8 Tasia can spend up to $140. WThere o resresats fie

delivery fee of $8. number of pizzas.

When writing inequalities to model situations, you can use the symbols >, =, <, and <
to represent the nature of the constraint. Terms like greater than, less than, at most, at
least, or up to can help you determine which inequality symbol to use.

Constraints modeled by inequalities produce a set of solutions. When using
inequalities to model constraints, it is important to note that not all solutions to
inequalities are viable solutions or make sense for the situation.

] -
Try This

Valeria wants to donate at least $120 to her local food bank. She has already saved $64
and is planning to save $8 each week.

a Why is Valeria's situation an example of a constraint?

b Write an inequality to match Valeria’s situation.

Use w to represent the number of weeks that Valeria will save $8.
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The solution set of an inequality contains all the values that make the inequality true. You
can represent a solution set on a number line by marking the boundary point and then
shading the region of values that make the inequality true. To identify the boundary point,
you can solve the equation that corresponds to the inequality. Then you can test one

or more values to determine whether the solution region is greater than or less than the
boundary point.

Here is an example of how you can determine and represent the solution set for 2z — 4 = 8:

Determine the boundary point: Determine all the solutions:
2r —4=28 2r —4=8
2z =12 2(0) —4=>8
r=6 4 > 8 False!

* 6isthe boundary point and the = symbol means
itis included in the solution set.

A
(&)
v

« Since this statement is false when we substitute
0, we know 0 is not in the solution set.

When a boundary point is not included in the 4 ! ! -+ ! |
solution set, this is represented with an open 1.5 1 0.5 0 0.5
circle on the number line. Here is an example

of the solution -0.5 > x graphed on a number line.

1 -
Try This

Here is an inequality: 5 + 3z < 32.

a Determine the boundary point.

b Graph all the solutions to the inequality. Show or explain your thinking.

<l | Lo
Bl | =

TR Y N TN TN NN NN TN TN NN SN (NN NN MO SO S N
| I I I R R I R R RN R HE HE . N
-10-9 -8-7-6-5-4-3-2-1012 3 456 7 8 910
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You can solve any one-variable inequality by solving its corresponding equation to
determine the boundary point, then testing values to determine the rest of the solutions.

Here's an example of how you could solve the inequality 10 > -3x — 2.

Step 1: Solve the corresponding equation: 10=-32—-2
10 = -3x — 2. 12 = -3z
The solution to this equation is -4, so the 4=z

boundary point is z = -4.

Step 2: Test values to determine the rest of the r=-5 =0
solutions. 10 > -3(-5) —2 10 > -3(0) — 2
In this example, we tested z = -5 and z = 0. 10 > 13 10 > -2

False! True!

When 2 = -5, the inequality is false, so x = -5
is not a solution. This means that the solutions
are greater than -4.

The solutions to an inequality do not always have the same inequality symbol as the
original inequality. Since the solutions are greater than -4, the solution set can be written
as-4 < xorx>-4.

1 -
Try This

Here is an inequality: 11 — 2z = 5.

a Solve this inequality.

b Graph all the solutions to this inequality.

<l | | | | |
Dl | | | | | |

T R T B
— T T T 1
-10-9 -8 -7 6 -5-4 -3 -2-10

v

—
N 1+
W -+
g
=
N -+
g 4+
L -+
o -+
—

=
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The absolute value of a number is its distance from 0 4 4
on a number line. Equations with absolute values

often have two solutions because there are often < T >

. 6 -4 -2 2 4
two numbers that are the same distance from 6 0 6

a number. |z +3[=4

. r+3=4 -(r +3)=4
For example, the equation |z + 3| = 4 has two =1 =7
solutions, x =1 and x = -7, because 1 and -7 are both
4 units away from -3. |z + 3| >4
You can determine the solutions using a number line Boundary points:
or by solving two equations. r=1 r=-7
To determine the solutions to an inequality with an T
absolute value, you can: estz =0:
« Step 1: Solve for the boundary points. (0) + 3| > 4
+ Step 2: Determine whether the boundary points are False!

included in the solution set. 1 and -7 are not included.

+ Step 3: Test a value between the two boundary
points to decide which values make the 6 -4 -2 0 2 4 6
inequality true.

« Step 4: Graph all the solutions.

] -
Try This

Here is an inequality: |z — 3| < 2.

a List four solutions to this inequality.

b Graph all the solutions to this inequality. Show or explain your thinking.

Y

—
N 14+
W -1
g
o -+
S 1+
ug 4
R 1
o -+
—

=
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We can write the solution to an absolute value inequality using a compound inequality
that joins two or more inequalities with the words and or or. Using the word “and”
communicates that the solutions are located between the two boundary points.

Using the word “or” communicates that the solutions are located to the left of one
boundary point and to the right of the other.

Here are two examples of absolute value inequalities and their solutions written as
compound inequalities.

And Or
|z + 1| =-2 |z + 1] =2
z+1=-2 z+1)=-2 z+1=2 (z+1)=2
r=-3 z=1 % = 1l r =-3
|0 + 1| = —2 True! |0 + 1| = 2 False!
x=>=-3andz <1 r<-3orz=>1
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

-
Try This

Match each absolute value inequality with its solutions.
One set of solutions will have no match.

r<4andz > -5 r>40rx<-5 r<-4orx>5 z>-4andx <5

2241 >9 |22 +1/<9 |22 —1/<9
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The solutions to a two-variable inequality are all of the ordered pairs that make the
inequality true.

Here is an example of how you can determine if an
ordered pair is a solution to an inequality: Marco is
making bracelets. Each bracelet needs to cost no more
than $10. Planet beads cost $1 and oval beads cost $2.
Marco wants to know if he can make a bracelet with 3
planet beads and 4 oval beads.

Number of $1 Beads

Marco is wondering if (4, 3) is a solution to the inequality o
2z + y < 10, where z represents the number of $2 beads +¢f

and y represents the number of $1 beads. To check, *-.
Marco substitutes x = 4 and y = 3 into the inequality: 0 5 10

24)+ 3) <10 Number of $2 Beads
8+(3) <10
11 <10 False!

That means that (4, 3) is not a solution and Marco cannot make a bracelet with 3 planet
beads and 4 oval beads while staying within his budget.

>

1 -
Try This

The Theater Club makes $5 for every student ticket that they sell, z, and $7 for every adult
ticket, y. They want to make at least $180 to buy costumes for their next show.

a Which inequality or equation represents this situation?

A. 5x+7y <180 B. 5x+ 7y =180 C. 5x+7y=>180 D. 7y=>5x+180
b This graph shows some solutions to the Theater @ 30 4
Club’s situation. E
O
Choose one solution. E 25
Show that this point is a solution to the inequality 3 20 *
or equation that you chose in the previous problem. f ®
o 15 —
@
10 *
=]
< 5
>
0 5 10 15 20 25 30

Number of Student Tickets
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The solutions to a two-variable linear inequality can be represented on a graph as a

half-plane. A boundary line separates the plane into the region that contains solutions
and the region that does not. The shaded area represents all of the solutions, which are

the values of (z, y) that make the inequality true.

r+y <9 z+y=9 r+y <9 r+y>9
\\n \\ A ‘\ A \\ A
—To, 1o, to, 10|
= \ = \ 5 \\ = \\
J \ I \ \~ I ‘\

- D\ S < N N - R ~ - N ~
-5 0] 5 lo_15 50 5 To 15 - 50| 5 10 15 50| 5 1015
-5 \\ ) 5 b} \\ -5 \\ ) -5 ) N

\ \ \\ >
10 N 10 N —1-10 N —-10 -
v v v v

A solid line means that the points on the A dashed line means the points on the boundary
boundary line are included in the solutions. line are not included in the solutions.
This is represented by the < and > symbols. This is represented by the < and > symbols.

To determine which of the half-planes is the solution region, you can test points on either
side of the boundary line to see whether they make the inequality true or false.

Try This
Here is the graph of an inequality. . 4
a Which inequality does this graph represent? IEN
N
A, 3zx+4y<12 B. 3z+4y<12 ~ 5
N
“
C. 3z+4y>12 D. 3z+4y =12 < i >
-5 0 b SN
b
C .
-0
b How would the inequality change if the boundary

line were solid instead of dashed?
. S v
Explain your thinking.
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Looking at solutions to two-variable inequalities on a graph can help us make sense of
different situations.

Here is an example: Angel makes $4 per pound of &
strawberries and $3 per pound of plums that they § 100
. . =}
sell. The inequality 4s + 3p = 300 represents the T g0
pounds of strawberries, s, and pounds of plums, © \
. (2]
p, that Angel needs to sell to meet their goal of T 60 \\ ® (50, 60)
making at least $300. é \
+ To determine the solutions to the inequality, graph 40 \
the corresponding equation 4s + 3p = 300. 20
» Decide whether the points on the line will reach the
goal by looking at the original inequality symbol. \ >
« Then test avalue, such as (50, 60), to identify the 0 20 40 60 80 100
solution region. 4(50) + 3(60) > 300 True! Pounds of Strawberries, s

Because the point (50, 60) makes the inequality true, the half-plane that includes (50, 60)
is the solution region. So any combination of strawberries and plums in the shaded region,
including those on the line, would meet Angel’s goal.

But not all solutions to the inequality will make sense for the situation. For example,
the point (90, -20) makes the inequality true, but it doesn't make sense for Angel to sell
-20 pounds of plums.

Try This

A group of students is installing a garden at their school. A vegetable bed will cost $15 per
square foot and a flower bed will cost $12 per square foot. Their budget for the project is $300.

a If 15v + 12f < 300 represents this situation, define v and .

vrepresents. .. frepresents...

b Graph the corresponding equation: 15v + 12f = 300. T A
30

¢ Shade in the region that represents the solutions to 25
the inequality 15v + 12f < 300.

20

15

10

>
0 5 10 15 20 25 30 v
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We can use two-variable linear inequalities
to model real-world constraints and make
sense of issues in society, such as fair
water distribution.

Desmosia River

When modeling, we often make an initial
decision based on the information and
variables we're given. But we might find
additional variables to consider when we
look deeper.

In the example of fair water distribution,
some additional variables to consider are:

* The population of each city.

» The amount of land in each city.

+ The amount of water each city uses.
» Any future predictions for change in the river’s flow.

When we consider additional variables, we have the opportunity to revise our initial model
to make it better and more precise. Additional variables, along with empathy, personal

experiences, and listening to the experiences of others can help us make better models
that meet the needs of the diverse groups of individuals who make up a community.

] -
Try This

A theater wants to pay its actors and other workers more. To do this, it needs to make
$1,800 in ticket sales for each performance. Each adult ticket costs $12 and each child
ticket costs $8.

a Why might someone want to create a mathematical model for this situation?

b  Write an inequality to represent this situation.
« Use z to represent the number of adult tickets sold.
» Use y to represent the number of child tickets sold.
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Lessonl
a x=-4.

Caregiver Note: One strategy for solving the equation is to determine the order of
operations to evaluate the expression and then do the inverse operations backwards.
For example, since the last step in evaluating 5(x — 2) is to multiply by 5, the first step
in solving is to divide both sides by 5.

B -30=>5(-4] —2)

-30 =5(-6)
-30=-30
Lesson 2

a Responses vary.
* Emma tried to multiply by 2 on both sides because 2 « % =1.

* She added 20 to both sides because -20 + 20 = 0.
¢ She subtracted x from both sides because x — = = 0.

b Emma made an error in the first step when she multiplied -10 by 2 but not 3x.

¢ x =4.8 (or equivalent)

Caregiver Note: Here is one way to solve the equation that builds on Emma’s
strategy.
%(a: +4)=-10+ 3z

r+4=-20+6x

4 =-20+5x
24 =5z
4.8==x
Lesson 3

Infinitely Many
Solutions

One Solution No Solution

4t =6t 5t+7=-34+5t

10—2 =-2
3z=10—-3z At +7=2(2t + 2) 0—2(t+5) = -2t



.
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Lesson 4

a The variable p represents the number of hours Tiara works at the pool.
The variable t represents the number of hours she works tutoring Spanish.

2
b B.t=20—=
t 0 3p

Caregiver Note: One strategy for determining which equation is equivalent is to
rewrite the equation in the form t =.
8p + 12t =240

12t =240 — 8p
12¢ 240 —8p
T2 12
t=20-— %p

Lesson 5
a Left:t=-2

10=v (or equivalent)

-a

Right: ¢t =

Caregiver Note: Here is one strategy for solving the equation on the right.
10=v—at
10 — v =-at

10— __-at

b Left:m=-33
Right: m = a(h — t) (or equivalent)

Caregiver Note: Here is one strategy for solving the equation on the right.
“+t=h

Z=h-—t
a(%) =a(h—1t)

m=a(h—t)
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Lesson 6
a y=12-3z (or equivalent)

Caregiver Note: Here is one way to solve the equation for y.

6x + 2y =24
2y=24—6x
2y _ 24—6z
2 2
y=12—-3x

A

>
0 2 4 6 8 10 12 %

Caregiver Note: Here are two strategies for graphing this relationship.

» Use the equation 6x + 2y = 24 to identify the x-intercept and y-intercept.
The x-intercept is the value of x when y = 0. The x-intercept is (4, 0) because
6x + 2(0) = 24 and 6x = 24. The y-intercept is the value of y when x = 0. Using
similar reasoning, the y-intercept is (0, 12).

* Use the equation y = 12 — 3« to identify the y-intercept and slope. The y-intercept
is (0, 12) and the slope is -3.

Lesson 7
a 20=2s+ 3p (or equivalent)
b 10— %p = s (or equivalent)

¢ Responses vary. Solving the equation for s tells you how many stickers Neel
can get if he gets no pencils. It also shows the slope of the graph because the
equation is in slope-intercept form.

Lesson 8

a Responses vary. Valeria wants to donate at least $120. This is a constraint
because she can save more than that amount but not less.

b 120 < 64 + 8w (or equivalent)
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Lesson 9
a x=09.

Caregiver Note: One strategy for calculating the boundary point is to solve the
corresponding equation, 5 + 3x = 32.

b | | | | | | | | | | | | | | | | | | m | o
I I I I I I I I I I I I I I I I I LN ” 2 B
-10-9 -8 -7 6 -5-4-3-2-1 012 3 456 7 8 910

Explanations vary. There is an open circle at x = 9 because that is the boundary
point but the inequality has a < symbol, which means that the inequality is not
true when = =9. If you test x =0, 5 + 3(0) < 32 is true, so the solutions include
z = 0 (and all of the numbers in the same direction).

Lesson 10

a x<3.

Caregiver Note: One strategy for solving this inequality is to determine the
boundary point, then test values. To determine the boundary point, solve the
corresponding equation 11 — 2x = 5. If you test x =0, 11 — 2(0) > 5 is true, so the
solutions include x = 0 (and all of the numbers in the same direction).

b fttte—t—t &+—+—+—+—+—++

| I I I I E—
L D D D B |
-10-9 8-7-6-5-4-3-2-1012 3 456 7 8 910

Lesson 11

a Responses between 1 and 5 are considered correct.

b + 0

[T R R B
| I B B
-10-9 -8-7-6-5-4-3-2-1012 3 456 7 8 910

Explanations vary. The equation |x — 3| < 2 is saying that the distance between

x and 3 has to be less than or equal to 2. The numbers that are exactly 2 units
away from 3 are 1 and 5. Since the distance has to be less than or equal to 2, any
number between 1 and 5 is a solution.

Lesson 12
|2+ 1| >9 |2z +1| <9 | |2z -1 <9

r>40rx<-H r<4and x> -5 r>-4andx <5
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Lesson 13
a C.5z+7y=>180

b Responses vary. One solution on the graph is (25, 10).
5(25) + 7(10) > 180
125 4+ 70 > 180
195 > 180
True!

Lesson 14
a A3x+4y<12

b The equation would become 3z + 4y < 12. Explanations vary. The < symbol
means less than or equal to, which means that the boundary line is included in
the solutions to the inequality. The way to show that on a graph is by using
a solid line.

Lesson 15

a v represents the number of square feet of vegetable bed the students want to install.
f represents the number of square feet of flower bed they want to install.

b Response shown on graph. T A
30

25
20 B@
s |

N\
10
N\

5 A\

>
0 5 10 15 20 25 30 v

¢ Response shown on graph.

Lesson 16

a Responses vary. The theater needs to make at least a certain amount of money
(or more), so it might be helpful to have an inequality or graph to see all the
combinations of tickets they could sell and still earn enough.

b 12x + 8y > 1800 (or equivalent)
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